Fractal geometry provides a new insight to the approximation and modelling of experimental data. We give the construction of complete cubic fractal splines from a suitable basis and their error bounds with the original function. These univariate properties are then used to investigate complete bicubic fractal splines over a rectangle .
Introduction
Schoenberg [1] introduced "spline functions" to the mathematical literature. In the last 60 years, splines have proved to be enormously important in different branches of mathematics such as numerical analysis, numerical treatment of differential, integral and partial differential equations, approximation theory and statistics. Also, splines play major roles in field of applications, such as CAGD, tomography, surgery, animation and manufacturing. In this paper, we discuss on complete fractal splines that generalize the classical complete splines.
Fractal interpolation functions (FIFs) were introduced by Barnsley [2, 3] based on the theory of iterated function system (IFS). The attractor of the IFS is the graph of FIF that interpolates a given set of data points. Fractal interpolation constitutes an advance in the sense that the functions used are not necessarily differentiable and show the rough aspect of real-world signals [3, 4] . A specific feature is the fact that the graph of these interpolants possesses a fractal dimension and this parameter provides a geometric characterization of the measured variable which may be used as an index of the complexity of a phenomenon. Barnsley and Harrington [5] first constructed a differentiable FIF or given. In this construction, specifying boundary conditions similar to those of classical splines was found to be quite difficult to handle. The fractal splines with general boundary conditions are studied recently [6, 7] . The power of fractal methodology allows us to generalize almost any other interpolation techniques, see for instance [8] [9] [10] .
Fractal surfaces have proved to be useful functions in scientific applications such as metallurgy, physics, geology, image processing and computer graphics. Massopust [11] was first to put forward the construction of fractal interpolation surfaces (FISs) on triangular domains, where the interpolation points on the boundary of the domain are coplanar. Geronimo and Hardin [12] , and Zhao [13] generalized this construction in different ways. The general bivariate FIS on rectangular grids are treated for instance in references [14, 15] . Recently, Bouboulis and Dalla constructed fractal interpolation surfaces from FIFs through recurrent iterated function systems [16] .
In this paper we approach the problem of complete cubic spline surface from a fractal perspective. In Section 2, we construct cardinal cubic fractal splines through moments and estimate the error bound of the complete cubic spline with the original function. The construction of bicubic fractal splines is carried out in Section 3 through tensor products. Finally, for an original function 4 [ ] f C   , upper bounds of the error for the complete
Complete Cubic Fractal Splines
We discuss on fractal interpolation based on IFS theory in Subsection 2.1 and construct cardinal cubic fractal spline through moments in Subsection 2.2. Upper bounds of L  -norm of the error of a complete cubic spline FIF with respect to the original function are deduced in Subsection 2.3. 
Fractal Interpolation Functions
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The most widely studied fractal interpolation functions so far are defined by the IFS [3] . Based on the principle of construction [6] of a r C -FIF, , r   complete cardinal cubic fractal splines are constructed through their moments in the following. 
Complete Cardinal Cubic Fractal Splines
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For a basis of complete cubic fractal spline space on I, 
and c f be the complete cubic fractal spline corresponding to this data. Let 
It is easy to check that  is linear and bounded operator on 2 ( ) C I . According to ( (7)) and ( (8)), we have 
Error Estimation with Univariate Fractal Splines
To estimate error bounds for the complete bicubic fractal spline, we need error bounds between a cubic fractal spline and the original function
, we can observe that 
The proof of the above proposition can be seen in [6] . Now, we derive an upper bound for the error between the classical complete cubic spline and a complete cubic fractal spline for the same set of interpolation data. According to (9) and (10), we get the bottom equation 
where ε p,u are given in Table 1 with (12) and (13), we have the following upper bound estimation for the error.
Fractal Splines in Two Variables
Using univariate complete cubic fractal spline results, we construct complete bicubic fractal splines in Subsection 3.1 through tensor product and the upper bounds of the L  -norm of its error with the original functions in Subsection 3.2.
Construction of Complete Bicubic Fractal Splines
Suppose that 
This definition is analogous to that of the classical complete bicubic spline in [19] . In the construction, we need two sets of nodal bases for univariate cubic fractal splines. Let 
The ( 3) 
Upper Bounds of L  -Norm of Error
We will prove the L  -norm error of complete bicubic splines with the original function by using the following notations analogous to those of Proposition 2.2 for the t-variable.
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Proof. In order to calculate the error, we will use the generic transformations P and Q . Suppose that
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and by (23) Next, we take scaling vectors in t-direction as Set I and in s-direction as Set III and the corresponding complete bicubic spline generated in Figure 5 . It has similarity with both Figure 2 and Figure 4 due to self-similarity relation in t and s directions respectively. For Figure  6 , we chose scaling vectors in t-direction as Set III and in s-direction as Set II. The distinct deviation in s-direction of complete bicubic spline is present in this case as in Figure 7 . An infinite number of complete bicubic splines can be constructed interpolation the same data by choosing different sets of scaling vectors. Hence, the presence of scaling vectors in bicubic fractal splines provides an additional advantage over classical bicubic splines in smooth surface modelling. Since bicubic fractal splines are invariant in all scales, it can also be applied to bivariate image compression and zooming problems in image processing.
Examples

Conclusions
We introduced bases for complete cubic fractal splines through cardinal fractal splines in the present work. These cardinal fractal splines constructed through moments or 4 has been deduced. The presence of scaling factors can be exploited in bivariate optimization problems with prescribed interpolation conditions. The effect of equal and non-equal scaling factors in complete bicubic splines is explained. The present work may play important role in smooth surface modelling in computer graphics and image processing applications. The existence of these parameters is guaranteed by the uniqueness of the attractor from the fixed point theorem.
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